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Abstract 

We analyze a SU(N) gauge theory on M.^ x T 2 . We find and catalogue all 
possible degenerate zero-energy stable configurations in the case of trivial or 
non-trivial 't Hooft non abelian flux. We describe the residual symmetries of 
each vacua and the 4-dimensional effective spectrum in terms of continous 
and discrete parameters, respectively. 



1 Introduction 



In the Standard Model, the explanation of the electroweak symmetry break- 
ing and the correlated Hierarchy problem still remains a non completely 
understood issue. Theories with extra space-like dimensions compactified on 
non-simply connected manifolds represent a possible scenario where trying to 
solve this problem. Such context, indeed, offers a new possibility of symme- 
try breaking: the Scherk-Schwarz (SS) mechanism [1]. The non local nature 
of this symmetry breaking protects the theory from ultraviolet divergences 
and makes it a promising candidate mechanism to break the electroweak 
symmetry. In this paper we analyze the SU(N) stable vacua and their sym- 
metries in the case of two extra space-like dimensions compactified d la SS 
on a 2-dimensional torus, T 2 . The case of trivial non-abelian t'Hooft flux is 
well-known in the literature [2] , while the phenomenology of the non-trivial 
non-abelian t'Hooft flux has not been explored yet. 



2 SU(N) on .M4 x T 2 : stable vacua and sym- 
metries 



Consider a SU(N) gauge theory on a space time of the type M.^ x T 2 . We 
will denote by x the coordinates of the 4-dimensional Minkowski space .M4 
and by y the extra-space like dimensions compactified on a 2-dimensional 
torus. 

A gauge field living on M.^ x T 2 has to be periodic up to a gauge trans- 
formation under the fundamental shifts T a : y —>■ y + l a with a = 1,2, that 
define the torus: 



where M, N = 0, 1, 5, a = 1, 2 and l a is the length of the direction a. The 
eq.(CE]) is known as coordinate dependent Scherk-Schwarz compactification. 
The transition functions £l a (y) are the embedding of the fundamental shifts 
in the gauge space and in order to preserve 4-dimensional Poincare invariance, 
they can only depend on the extra dimensions y. Under a gauge transforma- 



tion S G SU(N), the £l a (y) transform as £l' a (y) = S(y + l a ) Q a (y) S*(y). In 



addition, the transition functions are constrained by the following consistency 
condition coming from the geometry: 



A M (x,y + l a ) 
F MN (x,y + l a ) 



Q a (y)A M (x,y)fll(y) + ^ a {y)d M n\{y) 

tt a (y)F M N(x,y)ttHy) , 
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The factor exp[27i~zm/iV] is the embedding of the identity in the gauge spac^j] 
and the gauge invariant quantity m is a topological quantity called non- 
abelian 't Hooft flux [3]. 

For a generic Lie gauge group Q on T 2n , all sets of transition functions 
{Q a } satisfying eq.(j2D are gauge equivalent if and only if Q is 2n— 1-connected, 
that is, if = Vz = 1, ..,2n — 1 [4]. In particular, when n = 1 and 

Q = SU(N), i.e. a simple connected gauge group on a 2-dimensional torus, 
all solutions of eq.(j21) are gauge equivalent [4,5]. 

For any choice of Q a satisfying the constraint in eq. (ED, it is always 
possible, therefore, to find a SU(N) gauge transformation U(y) satisfying 

U(y + l a ) = n a (y) U(y) V} with a = 1, 2 , (3) 

where V a are constant solutions of the consistency condition in eq.(E]). 

Two pairs Vi, Vi and V{, V 2 ' are called non-equivalent if they are not con- 
nected by a SU(N) gauge transformation. Eq. (jSJ) allow to show [4,6] that, 
given the transition functions fli (y) , (y) , for each non- equivalent pair of 
V\, V2 there exists a different gauge transformation U(y) giving rise to a dif- 
ferent stable zero-energy configuration of the type 

(A a ) = -U{y)d a U\y) ) (4) 
9 

compatible with the periodicity conditions in eq.([T]). To classify the possible 
stable vacuum configurations for a SU(N) gauge theory on Ai^ x T 2 with a 
fixed value of the t' Hooft non abelian flux m, it means, thus, to catalogue all 
possible non- equivalent pairs of V a . This result is even more transparent in 
the background symmetric gauge [4], that is the gauge in which (A^ ym ) = 
and VL s a y m = V a . 

The constant solutions of the consistency condition in eq.® and the 
residual symmetries for non-trivial and trivial 't Hooft non abelian flux m 
are summarized in table [H 

For m — 0, V a commute and they can only depend on the N — l generators 
belonging to the Cartan subalgebra of SU(N). The constant transition func- 
tions V a are completely characterized by 2(N — 1) parameters (a J a ) that take 
values continuously between and 1. Such parameters are non-integrable 
phases, which arise only in a topologically non-trivial space and cannot be 
gauged-away. Their values are determined dynamically only at quantum 

1 A non-trivial value of m is possible only in absence of field representations sensitive 
to the center of the group. 
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m=0 


V a = P a ° 




P fcj . = e i7ri w e l7r iv 5 kj 
Qkj = e tn ^r 


Hj G Cartan if,-] = 
i,j = l,...,N-l 


a x /3 2 — a 2 f3 l = m 
\a a \,\p a \ =0,l,.,iV-l 


< e[o,i[ 


ST/(iV) -> SU(k 2 )^ x 


Va J a ^ SC/(iV) -> fZ(l)^ 1 



Table 1: Constant solutions of eg. (121) and their symmetries. k\ = 
g.c.d.(m, N), k 2 = g .c.d.(ai, a 2 , (3i, (3 2 , N) . 



level. Since V a commute, the symmetry breaking is rank-preserving, result- 
ing in the following 4- dimensional mass spectrum: 



m 
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(5) 



rii,n 2 are integers and are roots of SU(N). When all a{ ^ 0, the only 
4-dimensional massless gauge bosons are those associated to the Cartan 
subalgebra, giving rise to the maximal rank-preserving symmetry breaking 
SU(N) -> U(l) N -\ 

In the case m ^ 0, V a do not commute. There exists a finite number 
of constant solutions of eq. (TSJ) described by 4 discrete parameters (a a , /3 a ) 



These parameters are 



that take integer values in the range [— N + 1, N — 1] 
subject to the following constraint coming from eq.( 
Notice that a a , j3 a cannot be simultaneously zero. 

Since the transition functions do not commute, the residual symmetry 
group has rank lower than SU(N). In particular, in terms of the two pa- 
rameters^] fci = g.c.d.(m, N) and k 2 = g.c.d.(ai, a 2 , 0i, (3 2 , N), the symmetry 

breaking reads SU(N) -> SU(k 2 ) k 2 x U(l) k 2 [4,6]. Notice that for a given 



2 g.c.d.= great common divisor. 
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m and N (and consequently ki), it is possible to have different degenerate 
vacua characterized by different sets of discrete parameters a±, a 2 , Pi, /3 2 - 
They correspond to different values of k 2 and therefore different residual 
symmetries. Only quantum effects remove such degeneration and determine 
the true vacuum of the theory. The 4-dimensional gauge mass spectrum 
reads [4] 

where ni, n 2 are integer numbers, A = 0, 1, N — 1, and &a=o = 1, N — 1 
and /ca^o = 0,1, N — 1. The spectrum in eq.flEJ) manifests the symmetry 
breaking of table [TJ the only zero modes are associated to the ki k% — 1 
4-dimensional gauge bosons for which "° A + N ^ a kA (Va = 1,2) are integer 
numbers. 

Notice that the spectra for the case m = and m ^ in eq.|S| and 
eq. (ED respectively, show a similar structure with the only difference that the 
symmetry breaking masses are expressed in terms of continous (m = 0) and 
discrete (m ^ 0) parameters. While in the m = case, the scale of the 
lightest non-zero masses 2Tca a /l a with a = 1,2 is arbitrary and it is fixed 
only at the quantum level, for the m^O case the non trivial constraint in 
eq. ([2]) determines the new scales j 1 jr already at the classical level. 

Finally, it is worth to underline the different nature of the symmetry 
breaking for the two cases of trivial (m = 0) and non trivial (m ^ 0)'t 
Hooft non abelian flux. In the case m = 0, indeed, the gauge symmetry 
breaking is exactly like the Hosotani mechanism [2]: it is always possible to 
choose an appropriate background gauge, compatible with the consistency 
conditions, in which the transition functions are trivial (Vi = V 2 = 1) and the 
extra space-like components of the six-dimensional gauge fields A a acquire 
a vacuum expectation value (VEV): (A ) = B a . In this case, the symmetry 
breaking can be seen as spontaneous in the following sense: 

1. For each 4-dimensional massive gauge field A M , there exists a linear 
combination of the A a that play the role of a 4-dimensional scalar 
pseudo-goldstone boson eaten, by the 4-dimensional gauge bosons to 
became a longitudinal degree of freedom. 

2. The VEV of A a works as the order parameter of the symmetry breaking 
mechanism. In particular, it is possible to deform (A a ) to zero com- 
patibly with the consistency conditions so as to restore all the initial 
symmetries. 

In the case m ^ 0, we cannot interpret the symmetry breaking mechanism as 
a spontaneous symmetry breaking mechanism. The consistency conditions, 
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indeed, forbid to have trivial transition functions and then the symmetry 
breaking can not be related only to the VEV of A a . Although for each 
massive 4- dimensional gauge boson A M there exists a 4-dimensional pseudo- 
goldstone boson, it is not possible to determine an order parameter that can 
be deformed, compatibly with the consistency conditions, in such a way to 
restore all the initial symmetries. 
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